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Abstract. A Wheeler-DeWitt equation for the Kantowski-Sachs model is derived within the frame-
work of the minimal quantum gravity theory proposed by Horˇava. We study the solution to this
equation in the ultraviolet limit for the specific case where the λ parameter of the theory takes its
relativistic value λ = 1. It is observed that the minisuperspace variables switch their role compared
with their usual infrared (General Relativity) behavior.
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1. INTRODUCTION
Recently Petr Horˇava proposed an interesting approach to quantum gravity [1, 2]. The
central idea of his theory is to combine gravity with the concept of anisotropic scaling
between space and time, motivated by the recent developments in the study of condensed
matter systems. Based on this principle, higher-derivative correction terms may be added
to the standard Einstein-Hilbert action such as different powers of the spatial curvature.
This improves the ultraviolet (UV) behavior of the graviton propagator and makes the
theory power counting renormalizable, but at the cost of giving up to Lorentz invariance
as a fundamental symmetry. Instead of that, it is expected to emerge as an accidental
symmetry in the infrared (IR) regime where general covariance must be restored.
In the minimal version of the theory the nature of the modifications is governed by
the gravitational analog of the “detailed balance” principle, frequently used in the study
of the dynamics of nonequilibrium systems, and the so called “projectability condition”
which restricts the lapse function to be a function of time only. However, it is possible
to construct a generalization by relaxing any or both of these conditions. This has lead
to the projectable and non-projectable versions of the theory [3, 4].
It has been claimed that Horˇava’s proposal and its extensions suffer from several
issues related to a badly behaved scalar mode [5, 6]. However, it has many desirable
features and seems worth exploring it. Many aspects of the theory have been discussed in
the literature, particularly, cosmological and black hole solutions have been obtained [7,
8]. Many issues of cosmology arising from it have also been analyzed (see for example
[9]). However, no model that provides information about the quantum properties of this
theory seems to have been considered up to now.
For this purpose in this work we consider the Kantowski-Sachs (KS) universe which
is one of the simplest anisotropic models. A Wheeler-DeWitt (WDW) equation for this
model is derived in the context of the minimal theory proposed by Horˇava. We study the
solution to this equation in the UV regime for the specific case in which the λ parameter
of the theory takes its relativistic value λ = 1 by constructing a gaussian-weighted wave
packet. It is observed that the minisuperspace variables switch their role in this limit
compared to their usual General Relativity (GR) behavior.
In section 2 we begin by briefly presenting the general features of the gravity models
with anisotropic scaling. In section 3 we review the WDW equation for the KS model
in the context of GR. In section 4 a WDW equation for this model is derived within
the framework of the minimal theory proposed by Horˇava. Particularly, the UV regime
is analyzed and the behavior of the resulting wave packet is compared with the already
known results in the context of GR. Finally Section 5 is devoted for discussion and
conclusions.
2. THE THEORY
In field theories with anisotropic scaling the degree of anisotropy between the space and
time coordinates is characterized by a dynamical critical exponent z such that
x→ bx, t → bzt. (1)
The gauge symmetries are a reduced set of spacetime diffeomorphisms, denoted by
DiffF (M ), that preserve a preferred foliation of spacetime by fixed time slices gen-
erated by the infinitesimal transformations xi → x˜i(t,xi) and t → t˜(t). In this context it is
convenient to consider the ADM decomposition of spacetime and to construct the action
in terms of the spatial metric gi j, the shift vector Ni and the lapse function N. With these
ingredients the most general action of this class of gravity models takes the form
S = 2
κ2
∫
dtdDx√gN {Ki jKi j−λK2 +V } , (2)
where κ and λ are coupling constants and Ki j is the extrinsic curvature tensor. The
first two terms represent the most general kinetic term invariant under DiffF (M ) and
V is an arbitrary potential term built on gi j and its spatial derivatives, compatible
with DiffF (M ) and the desired value of z. Power-counting arguments require z = 3
in 3 + 1 dimensions. As a first attempt, Horˇava restricted V to satisfy the so called
“detailed balance” and “projectability” conditions. The action of this theory under these
considerations in 3+1 dimensions is given by
S =
∫
dtd3x√gN
{
2
κ2
(Ki jKi j−λK2)− κ
2
2w4
Ci jCi j +
κ2µ
2w2
ε i jkRil∇ jRlk−
κ2µ2
8
Ri jRi j
+
κ2µ2
8(1−3λ )
(
1−4λ
4
R2 +ΛW R−3Λ2W
)}
, (3)
where µ , w and ΛW are constant parameters and Ci j is the Cotton tensor. Comparing
with the Einstein-Hilbert action in the ADM formalism, the speed of light, Newton’s
constant and the cosmological constant emerge as
c =
κ2µ
4
√
ΛW
1−3λ , GN =
κ2
32pic , Λ =
3
2
ΛW . (4)
Furthermore, the requirement that this action be equivalent to the standard Eintein-
Hilbert action in the IR limit requires that λ takes its relativistic value λ = 1.
3. KANTOWSKI-SACHS MODEL IN GENERAL RELATIVITY
Let’s start by reviewing the well-known quantum solutions to the KS universe in the
context of GR. The Misner parametrization for this metric is [10]
ds2 =−N(t)2dt2+ e2
√
3β (t)dr2 + e−2
√
3β (t)−2√3Ω(t)(dθ 2 + sin2 θdϕ2). (5)
Following the usual procedure of quantum cosmology the GR Hamiltonian density for
this model is given by
HEH = NH⊥ =
Ne
√
3β+2√3Ω
24
[
Π2β −Π2Ω−48e−2
√
3Ω
(
1−Λe−2
√
3β−2√3Ω)]. (6)
Variation with respect to the Lagrange multiplier N yields the Hamiltonian constraint
H⊥ ≈ 0. Then we may proceed to quantize the model using the canonical quantiza-
tion recipe given by Dirac promoting the minisuperspace variables to operators and
implementing this constraint as a restriction on the physically allowed wave functions
H⊥ψ = 0. With a particular factor ordering and through the usual representation for the
momenta Πβ =−i ∂∂β and ΠΩ =−i ∂∂Ω we get the WDW equation
[
− ∂
2
∂Ω2 +
∂ 2
∂β 2 +48e
−2√3Ω
(
1−Λe−2
√
3β−2√3Ω)]ψ(β ,Ω) = 0. (7)
The solution to this equation with Λ = 0 was found by Misner [10] and is given by
ψ±ν (β ,Ω) = e±iν
√
3β Kiν(4e−
√
3Ω), (8)
where ν is a separation constant and Kiν are the modified Bessel functions of imaginary
order.
4. KANTOWSKI-SACHS MODEL IN HO ˇRAVA GRAVITY
Now we proceed similarly to study the KS model within the framework of the minimal
theory proposed by Horˇava. By inserting the metric ansatz (5) into the action (3) we may
derive the corresponding Hamiltonian density for this model. Then using the canonical
quantization recipe with a particular factor ordering, we get the WDW equation
{
1
2
(λ −3) ∂
2
∂Ω2 −2(λ −1)
∂
∂β
∂
∂Ω +(2λ −1)
∂ 2
∂β 2
−3µ2ΛW e−2
√
3Ω
[
2−3ΛW e−2
√
3β−2√3Ω + (2λ −1)
ΛW
e2
√
3β+2√3Ω
]}
ψ(β ,Ω) = 0.
(9)
This equation considerably differs from the usual WDW equation (7) but notice that for
this particular model with λ = 1 and making use of the expressions (4) in units such that
c = 1 and 116piG = 1, it reduces to (7) with an additional potential term coming from the
higher-order terms in (3) and which is responsible for the UV behavior of the model.
Since an analytical solution for this equation is difficult to be found we consider the UV
limit where the last term in the potential domains. The reduced WDW equation is
[
1
2
(λ −3) ∂
2
∂Ω2 −2(λ −1)
∂
∂β
∂
∂Ω +(2λ −1)
∂ 2
∂β 2 −3µ
2(2λ −1)e2
√
3β
]
ψ(β ,Ω) = 0,
(10)
whose solution for λ = 1 is given by
ψν(β ,Ω) = eiν
√
3ΩKiν
(
µe
√
3β) . (11)
In order to see the consequences of the UV corrections let us consider a wave packet
weighted by a Gaussian centered in ν = ¯ν and with standard deviation σ
Ψ(β ,Ω) =
∫
∞
−∞
e
− 1
2σ2
(ν−ν¯)2ψν(β ,Ω)dν. (12)
The integral is performed numerically for the specific values σ 2 = 1/3 and ¯ν = 1.3
with µ = 4. Not only are we interested to see the influence of the second order spatial
curvature terms, but also we want to study the behavior of the probability depending on
the values of the β and Ω variables. Figure 1 shows the variation of the square of the
wave packet magnitude |Ψ|2 as a function of the minisuperspace variables β and Ω for
the case λ = 1. It can be seen that in this case there is only one preferred state of the
universe around β =−1.5 and Ω = 0. Figure 2 shows the already known IR behavior in
GR [11] described by the solution (8). It can be seen that both graphs are quite similar,
however, interestingly enough, the minisuperspace variables switch their role between
these two limits. This, in fact, can be easily observed by comparing the solution 8 with
11 under the replacements ±β →→Ω and −Ω→ β .
FIGURE 1. Variation of |Ψ|2 with respect to Ω and β for λ = 1 (UV limit).
FIGURE 2. Variation of |Ψ|2 with respect to Ω and β in GR (IR limit).
5. CONCLUSIONS AND DISCUSSION
In this work we have studied the KS universe into the minimal version of Horˇava
gravity. A WDW equation was derived in this framework and solutions for the UV
limit of this model for the case λ = 1 were analytically obtained. The analysis of the
resulting solutions was performed by constructing a wave packet weighted by a gaussian
amplitude. It was observed that compared to the IR (GR) limit, the minisuperspace
variables switch their role in the UV regime for this particular case. This behavior may
be of great interest into the quantum cosmology treatment of anisotropic models where
the Ω variable is usually related to an intrinsic time. In this context it would be really
interesting to extract dynamical information of the model in order to see the effects of
the additional terms in the classical arena.
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